This article proposes a simulation-based method to adjust functional boxplots for correlations when visualizing functional and spatio-temporal data, as well as detecting outliers. We start by investigating the relationship between the spatiotemporal dependence and the 1.5 times the 50% central region empirical outlier detection rule. Then, we propose to simulate observations without outliers on the basis of a robust estimator of the covariance function of the data. We select the constant factor in the functional boxplot to control the probability of correctly detecting no outliers. Finally, we apply the selected factor to the functional boxplot of the original data. As applications, the factor selection procedure and the adjusted functional boxplots are demonstrated on sea surface temperatures, spatio-temporal precipitation and general circulation model (GCM) data. The outlier detection performance is also compared before and after the factor adjustment.
INTRODUCTION
Functional data analysis is an attractive approach to study complex data in statistics. In many statistical experiments, the observations are functions by nature, such as temporal curves or spatial surfaces, where the basic unit of information is the entire observed function rather than a string of numbers. There is also an interesting class of applications that can be characterized as random processes evolving in space and time in, for instance, environmental science, agriculture, climatology, meteorology and hydrology.
To analyze functional data, many model-based methods have been developed over the years, among which Ramsay and Silverman (2005) provided various parametric methods whereas Ferraty and Vieu (2006) developed detailed nonparametric techniques. For spatio-temporal data, one can imagine a random field Z.s; t/, .s; t/ 2 R d R, observed at the space-time coordinates .s 1 ; t 1 /; : : : ; .s n ; t n /. The spatiotemporal variable Z.s; t/ could stand for temperature, precipitation, wind speed or atmospheric pollutant concentrations, to name a few. Some recent literature points out the significance of the spatio-temporal modeling approach; see for example Cressie and Wikle (2011) and references therein.
Visualization methods can also help to display the data, highlight their characteristics and reveal interesting features. Sun and Genton (2011) proposed an informative exploratory tool, the functional boxplot, and its generalization, the enhanced functional boxplot, for visualizing functional data as well as detecting potential outliers. The functional boxplot orders functional data by means of band depth (López-Pintado and Romo, 2009) . It allows for ordering a sample of curves from the center outwards and, thus, introduces a measure to define the centrality or outlyingness of an observation. Indeed, one can compute the band depths of all the sample curves and order them according to decreasing depth values. Suppose each observation is a real function y i .t /, i D 1; : : : ; n, t 2 I, where I is an interval in R. Let y OEi .t / denote the sample curve associated with the i th largest band depth value. Then y OE1 .t/; : : : ; y OEn .t / can be viewed as order statistics, with y OE1 .t / being the deepest (most central) curve or simply the median curve, and y OEn .t / being the most outlying curve. The implication is that a smaller rank is associated with a more central position with respect to the sample curves. The order statistics induced by band depth start from the most central sample curve and move outwards in all directions. Thus, it is straightforward to define a central region for functional data. More specifically, López-Pintado and Romo (2009) defined the band depth through a graph-based approach. The graph of a function y.t/ is the subset of the plane G.y/ D f.t; y.t // W t 2 Ig. The band in R 2 delimited by the curves y i 1 ; : : : ; y i k is B.y i 1 ; : : : ; y i k / D f.t; x.t // W t 2 I; min rD1;:::;k y i r .t / 6 x.t/ 6 max rD1;:::;k y i r .t /g. Let J be the number of curves determining a band, where J is a fixed value with 2 6 J 6 n. If Y 1 .t/; : : : ; Y n .t / are independent copies of the stochastic process Y.t/ generating the observations y 1 .t/; : : : ; y n .t /, the population version of the band depth for a given curve y.t/ with respect to the probability measure P is defined as BD J .y; P / D P J j D2 BD .j / .y; P / D P J j D2 P fG.y/ B.Y 1 ; : : : ; Y j /g, where B.Y 1 ; : : : ; Y j / is a band delimited by j random curves. The sample version of BD .j / .y; P / is defined as BD .j / n .y/ D n j 1 P 16i 1 <i 2 < <i j 6n I fG.y/ Â B.y i 1 ; : : : ; y i j /g, where I f g denotes the indicator function. Then, the sample band depth of a curve y.t/ is BD n;J .y/ D P J j D2 BD
.j / n .y/. López-Pintado and Romo (2009) also proposed a modified band depth that replaces the aforementioned indicator function by a function, which measures the proportion of time that a curve y.t/ is in a band. This yields a more flexible ordering of the curves in the sample and tends to prevent depth ties.
In the classical boxplot, the box itself represents the middle 50% of the data. By analogy, the 50% central region in the functional boxplot can be defined by extending the concept of central region introduced by Liu et al. (1999) to functional data. The band delimited by thep roportion (0 <˛< 1/ of deepest curves from the sample is used to estimate the˛central region. In particular, the sample 50% central region is 
wheredn=2e is the smallest integer not less than n=2. The envelope of the 50% central region represents the box in a classical boxplot and is the analog to the "inter-quartile range" (IQR). It gives useful indication of the spread of the 50% most central curves. For functional boxplots, based on the center outwards ordering induced by band depth for functional data, the descriptive statistics are: the envelope of the 50% central region, the median curve and the maximum non-outlying envelope. In addition, potential outliers can be detected in a functional boxplot by the 1.5 times the 50% central region empirical rule, analogous to the rule for classical boxplots. The outer region (the "fence") is obtained by inflating the inner region (the "envelope") by 1.5 times the height of the 50% central region. Any curves crossing the fences are flagged as potential outliers.
Considering that when each curve is simply a point, the functional boxplot degenerates to a classical boxplot, Sun and Genton (2011) suggested the constant factor 1.5 as in a classical boxplot, but left to the user the possibility of modifying it. However, for functional data, there will be necessarily dependence in time for each curve. And for spatio-temporal data, curves from different locations will be spatially correlated as well. The outlier detection performance may be affected by the dependence in time and space. Therefore, in this article, we investigate the relationship between the dependence and the constant factor, and then propose a method to adjust the factor in a functional boxplot. This leads to an adjusted functional boxplot. Febrero et al. (2007 Febrero et al. ( , 2008 ) also considered outlier detection in functional data by depth measures but they did not account for the temporal or spatio-temporal correlation in the data and their method is quite different from the functional boxplot approach. In the finite dimensional case, Gather (1999, 2001) and Hubert et al. (2008) also discussed some model-based outlier detection rules for robust estimators.
Classical boxplots were first introduced by Tukey (1970) and Tukey (1977, pp. 39-43) in exploratory data analysis. In a classical boxplot, outliers can be detected by the 1.5 times IQR empirical rule. Here, the constant factor 1.5 can be justified by a standard normal distribution. Let Q 1 and Q 3 be the first and third quartiles of the standard normal distribution, respectively. The fences determined by L 1 D Q 1 1:5 IQR and L 2 D Q 3 C 1:5 IQR are 2:698 and 2:698. Then, the probability of being detected as an outlier is 0.7%. If we change the factor to 2, then the probability that a value is an outlier is only 0.07%. Therefore, in the functional boxplot, we would like to adjust the value of the constant factor on the basis of the dependence such that the probability of detecting no outliers is 99.3%, when actually, no outliers are present. It is clear that in a functional boxplot, the factor adjustment is crucial for outlier detection because it determines the percentage of detected outliers. However, the adjustment involves a certain amount of computation, thus, it is not necessary if one only wants to visualize and compare functional or spatio-temporal data.
This article is organized as follows. Section 2 illustrates how the dependence in time and space affects the outlier detection performance of functional boxplots. Then, the new method to select the constant factor in a functional boxplot is proposed in Section 3. The adjusted functional boxplots are demonstrated on applications to space-time datasets in Section 4, and a discussion is provided in Section 5.
SIMULATION STUDIES
To illustrate how the dependence in time and space affects the outlier detection performance of the functional boxplots, simulation studies are conducted under different spatio-temporal covariance models reviewed by Gneiting et al. (2007) .
Data generation
We consider data drawn from a zero-mean, stationary spatio-temporal Gaussian random field Z.s; t/, where .s; t/ 2 R 2 R. Let C.h; u/ D covfZ.s 1 ; t 1 /; Z.s 2 ; t 2 /g be the covariance function between any two observations whose locations are apart by a vector h D s 1 s 2 and a time span u D jt 1 t 2 j. Then, C.h; 0/ and C.0; u/ are purely spatial and purely temporal covariance functions, respectively. We aim at seeing how the strength of the correlation in time, in space, or in both, affects the outlier detection performance of the functional boxplot with the constant factor F D 1:5. We consider the following isotropic correlation models:
1. A purely temporal correlation function of Cauchy type,
where˛2 .0; 1 controls the strength of the temporal correlation, and a > 0 is the scale parameter in time. We set a D 1 and let˛vary from 0.1 to 0.9.
2. A purely spatial correlation function of the form
where c > 0 controls the strength of the spatial correlation, and 2 .0; 1 is a nugget effect. We set D 0:05 and let c vary from 0.1 to 2. 3. A space-time separable correlation function of the form
which is the product of the purely temporal correlation function (1) and the purely spatial correlation function (2). Here, we consider combinations of˛and c, where each has three levels,˛D 0:1; 0:5; 0:9 and c D 0:1; 1; 2. 4. A fully symmetric but generally non-separable correlation function
where 0 6ˇ6 1 controls the non-separability. It reduces to the separable model (3) whenˇD 0. Here, we setˇD 1, the most non-separable version of this model, D 0:05 and consider the same combinations of˛and c as in model (3). 5. A general stationary correlation model The functional data X i .t / D Z.s i ; t/, i D 1; : : : ; n, are generated without any outliers from Z.s; t/ with each of the correlation models above at n D 100 locations s 1 ; : : : ; s n on a grid of size 10 10 of the unit square with the grid spacing 1=9 and p D 50 equally spaced time points in OE0; 1. With 1,000 replications, we compute the proportion of times that functional boxplots with the constant factor F D 1:5 detect no outliers. Thus, a proportion much smaller than 1 is an indication of bad outlier detection performance.
Numerical results
Tables 1 and 2 summarize the simulation results. In the purely temporal model (1), the larger the value of˛, the stronger the temporal dependence is when u < 1. For a fixed constant factor F D 1:5 in the functional boxplot, Table 1 shows that the proportion of times that the functional boxplot correctly detects no outliers decreases as˛increases. In other words, the stronger the correlation in time, the worse the outlier detection performance is. Similarly, in the purely spatial model (2), the smaller the value of c, the stronger the spatial dependence is. For all the values of c in Table 1 , the proportions of correctly detecting no outliers are close to 1. This is an evidence that the constant factor 1.5 is too large when spatial correlation exists because usually, spatially correlated curves are more concentrated than independent ones. Table 2 provides the proportion of times that a functional boxplot with the constant factor F D 1:5 correctly detects no outliers for each combination of˛and c under the separable, symmetric but non-separable and the general stationary spatial-temporal correlation models. It also shows that the proportion of correctly detecting no outliers decreases as˛or the temporal dependence increases. For each value of under different correlation models, because the strongest spatial correlation (c D 0:1) makes curves most concentrated, with the fixed constant factor F D 1:5 in functional boxplots, the proportions of correctly detecting no outliers for c D 0:1 are always the largest among those for c D 0:1; 1; 2. When the dependence in time is relatively large,˛D 0:5; 0:9, all the proportions under the separable correlation model are greater, hence better outlier detection performance, than those under either the symmetric but non-separable or the general stationary correlation models. This suggests that the interaction or the separability between spatial and temporal dependence has an effect on the outlier detection performance in a functional boxplot. To investigate the possible effect of the asymmetry in a correlation model, we compare the proportion of a functional boxplot correctly detecting no outliers under the symmetric but non-separable and the general stationary correlation models. When˛D 0:5; 0:9 and c D 1, the two proportions under the symmetric correlation model are larger than those under the general stationary one. However, there are still several cases where the general stationary model shows a better outlier detection performance.
It is now clear that the adjustment of the constant factor in functional boxplots is necessary when spatio-temporal correlations exist. Next, we propose a method for selecting the factor F .
SELECTION OF THE ADJUSTMENT FACTOR
The simulation studies in Section 2 have shown that the constant factor F D 1:5 gives different probability coverages under different spatiotemporal correlation models. In other words, we should choose the value of the factor F by controlling the probability of detecting no outliers to be 99.3% when, actually, no outliers are present.
To demonstrate the performance of outlier detection in the adjusted functional boxplot, we consider three outlier models, which have been studied by Sun and Genton (2011) along with two covariance models from our simulation studies, the purely spatial covariance function (2) and the general stationary covariance function (5). For the purely spatial model, we set D 0:05 and let c D 0:1. For the Table 1 . The proportion of times (p) that a functional boxplot with the constant factor F D 1:5 correctly detects no outliers under the purely temporal and the purely spatial correlation models with 1,000 replications and n D 100 curves Table 2 wherę D 0:9 and c D 1. The models with outlying curves are:
1. Model 1 includes a symmetric contamination:
where c i is 1 with probability 0.1 and 0 with probability 0.9, K is a contamination size constant, which is equal to 2 for the purely spatial covariance model and 6 for the general stationary model. i is a sequence of random variables independent of c i taking values 1 and 1 with probability 1/2; 2. Model 2 is partially contaminated:
where T i is a random number generated from a uniform distribution on OE0; 1; 3. Model 3 is contaminated by peaks:
, and Y i .t / D X i .t / otherwise, where T i is random from a uniform distribution on OE0; 1 ` and`D 3=49.
Under the purely spatial covariance model (2), the selected adjustment factor is F D 1:0, whereas F D 2:2 for the general stationary model. To compare with the functional boxplots without adjustment, we consider the distributions of two quantities in Sun and Genton (2011) : p c , the percentage of correctly detected outliers (number of correctly detected outliers divided by the total number of outlying curves), and p f , the percentage of falsely detected outliers (number of falsely detected outliers divided by the total number of non-outlying curves). The simulation results are summarized in Table 3 . For the purely spatial covariance model, the adjusted functional boxplots improve the outlier detection performance by keeping a low false detection rate O p f , whereas increasing the correct detection rate O p c , owing to the smaller adjustment factor F D 1:0 < 1:5. For the general stationary covariance model, the outlier detection performance is improved in the adjusted functional boxplots by keeping a high correct detection rate O p c , whereas reducing the false detection rate O p f , owing to the larger adjustment factor F D 2:2 > 1:5.
Sharing the same idea as in the simulations, we propose first to estimate the covariance matrix of the data to generate observations without any outliers. Then we use the simulations described in Section 2 to choose the constant factor F such that the proportion of times that a functional boxplot detects no outliers is 99.3%. Finally, we apply this adjusted factor to the functional boxplot on the original data and detect outliers. When estimating the covariance matrix, robust techniques are needed because outliers may exist in the original data. We use a componentwise estimator of a dispersion matrix proposed by Ma and Genton (2001) , on the basis of a highly robust estimator of scale, Q n . This estimator is location-free and has already been successfully used in the context of variogram estimation (Genton, 1998) in spatial statistics, and autocovariance estimation (Ma and Genton, 2000) in time series. Ma and Genton (2001) only studied the robust estimator when the sample size n > p, but the robust estimator can be also computed for n 6 p because the dispersion matrix is estimated componentwisely. There are also many other robust estimators that could be used; some of which are based on the minimization of a robust scale of Mahalanobis distances. For example, the minimum volume ellipsoid and minimum covariance determinant estimators (Rousseeuw, 1984 (Rousseeuw, , 1985 . However, their computation can be challenging. Alternatively, a more rapid orthogonalized Gnanadesikan-Kettenring estimator was proposed by Maronna and Zamar (2002) for high dimensional datasets.
To reduce the computational burden and simplify the covariance matrix estimation, we only generate a small number of curves, n D 100, without any outliers at p time points from the model Z.s; t/ D g.s; t/ C e.s; t/, with mean g.s; t/ D 0, .s; t/ 2 R 2 R. Here, e.s; t/ is a Gaussian random field with mean zero and covariance function estimated from the standardized original data, hence with marginal variance 1. For simplicity, we let the trend g.s; t/ be 0 and the marginal variance be 1 because they do not affect the values of band depth, hence, the order of these curves. In addition, for spatio-temporal data, to reduce the dimension of the spatio-temporal covariance, we only estimate the covariances at certain distances and time lags depending on the simulation design.
APPLICATIONS

Sea surface temperatures
A dataset of monthly sea surface temperatures measured in degrees Celsius over the east-central tropical Pacific Ocean was used by Hyndman and Shang (2010) and Sun and Genton (2011) to demonstrate the functional bagplot and the functional boxplot, respectively. In this case, each curve represents one year of observed sea surface temperatures from January 1951 to December 2007. The functional boxplot with the constant factor F D 1:5 in Sun and Genton (2011) detected two potential outliers: the years 1983 and 1997. In addition, the year 1982 from September to December and the year 1998 from January to June were viewed as being part of the maximum envelope. These 57 annual temperature curves show similarity in shape because they share a common mean function. Therefore, we detrend them first by subtracting the sample median at each time point and then check the correlations between the curves. Because the correlations are not statistically significant, we assume that these annual temperature curves are independent copies of each other and estimated the 12 12 covariance matrix in time. In simulations, by generating n D 100 curves at p D 12 time points from a Gaussian process with zero mean and estimated covariance function, the coverage probabilities for different values of the constant factor are listed in Table 4 with 1,000 replications. We select the constant factor to be 1.8 because when F D 1:8, the coverage probability is 0.995, close to 99.3%. After adjusting the constant factor, the functional boxplot still detects two El Niño years as outlier candidates.
Spatio-temporal precipitation
The functional boxplot can summarize information from complex data, such as space-time datasets. Sun and Genton (2011) illustrated this aspect by visualizing the observed annual total precipitation data for the coterminous US from 1895 to 1997, provided by the Institute for Mathematics Applied to Geosciences (http://www.image.ucar.edu/Data/US.monthly.met/ ). There are 11,918 stations reporting precipitation at some time in this period. The observations are time series with p D 103 yearly precipitation observations, or one curve, at each spatial location. Functional boxplots were applied to nine climatic regions for precipitation in the US, defined by the National Climatic Data Center and the percentages of detected potential outliers for each region were reported. Sun and Genton (2011) noticed that for spatio-temporal data, the precipitation curves are not independent but spatially correlated. Therefore, the percentages of potential outliers might not be correct because of the spatial correlations. By taking the spatio-temporal correlation into account, we adjust the constant factor in the functional boxplots again by simulations. For each climatic region, in the simulation, we generate spatio-temporal data from a zero-mean Gaussian random field at n D 100 locations on a Note: The selected factor is in bold font. grid of size 10 10 with the grid spacing 1/9 at p D 30 time points. Here, the distance unit is kilometer and the time unit is year. Then, we estimate the 3; 000 3; 000 covariance matrix from the standardized original data and obtain the coverage probabilities for different values of the constant factor with 1,000 replications. The results are summarized for each region in Table 5 . Each component of the 3; 000 3; 000 covariance matrix is estimated by the Q n -based procedure of Ma and Genton (2001) . To reduce the computational effort, for each combination of time lag and distance, we estimate the covariance element by randomly selecting pairs of the irregularly spaced locations that are close to the distances on the 10 10 grid under the assumption of stationarity.
With the concept of central regions, Sun and Genton (2011) generalized the functional boxplot to an enhanced functional boxplot where the 25% and 75% central regions are provided as well in addition to the 50% central region. For the spatio-temporal precipitation data, the nine adjusted enhanced functional boxplots in Figure 1 can still reveal information about the different annual precipitation characteristics for different climatic regions, but with less potential outliers than previously detected by Sun and Genton (2011) . The percentage of detected outliers for each region is summarized in Table 6 .
General circulation model
A general circulation model (GCM) is a climate model of the general circulation of a planetary atmosphere or ocean. It uses complex computer programs to simulate the earth's climate system and allows us to look into the earth's past, present and future climate states. Here, we consider precipitation data generated from the National Center for Atmospheric Research-Community Climate System Model Version 3.0 (Collins et al., 2006 , and references therein), which was run given scenarios from the Intergovernmental Panel on Climate Change (IPCC)'s Special Report on Emission Scenarios; see IPCC (2000) and Ammann et al. (2010) . Functional boxplots can be used to visually compare the annual precipitation produced by the GCM with the real observations from weather stations considered in the previous section.
For these GCM data, there are 256 128 cells over the whole globe with a resolution of 1:406 1:406 degrees, or around 156 156 km. The observations from weather stations are much denser, but only for the coterminous US. To make the weather station observations comparable to the GCM data, we match them by longitude and latitude first, and then average the observations from weather stations within each cell, which leads to 473 cells in total, hence 473 annual precipitation curves for the coterminous US.
For the coterminous US precipitation, the functional boxplots with the constant factor F D 1:5 for weather station and GCM data are shown in the top panel of Figure 2 with the percentage of detected outliers. Now, we estimate the 3; 000 3; 000 spatio-temporal covariance matrix from the standardized original data by the same simulation design as in Section 4.2 and the coverage probabilities for different values of the constant factor with 1,000 replications are summarized in Table 7 for both weather station and GCM data. The adjusted functional boxplots with percentage of detected outliers are shown in the bottom panel of Figure 2 . Figure 2 shows that the precipitation data produced by the GCM roughly capture the overall pattern of the US precipitation. The two functional boxplots of weather station and GCM data coincide on the median curves, and the maximum annual precipitation for some wet locations is also on the same level. However, the narrower 50% central region in the functional boxplot of the GCM data indicates that the first 50% most representative precipitation curves have less variability, which leads to a relatively large percentage of outliers. Moreover, both functional boxplots are skewed to the right (i.e., to large precipitation), but the one for GCM does not produce as low annual precipitation as the real observations from weather stations for some dry locations.
The maps of weather station and GCM data where outliers are detected by the adjusted functional boxplots with respect to either the whole US or each of the climatic regions are shown in Figure 3 . For the whole US, the outliers, denoted by red plus signs, are around the North of the US for GCM data, but the only one outlier detected by the functional boxplot is located at the North West for weather station data. The maps also show that the precipitation data produced by GCM do not capture the characteristics of the observed precipitation from weather stations well. From weather stations, the West of the US overall has a lower precipitation than the East, and the higher precipitation locations are along the west coast and the South East. This pattern is hard to see from the GCM, and the higher precipitation locations appear in the Figure 4 show the functional boxplots of GCM data for the future. The future runs of the GCM produce a little wider 50% central region than the past runs do, thus a smaller outlier percentage, but both have narrower 50% central regions hence larger outlier percentages compared with the weather station data. We can also see that the median curves of the past and future runs from GCM are higher than that from weather stations, and the minimum precipitation is also higher than the real observations.
DISCUSSION
This article has focused on how to adjust the functional boxplot proposed by Sun and Genton (2011) for correlations to perform functional and spatio-temporal data visualization and outlier detection. In a functional boxplot, potential outliers can be detected by the 1.5 times the 50% central region empirical rule, analogous to the rule for classical boxplots. However, for functional data, there is necessarily dependence in time for each curve. And for spatio-temporal data, curves from different locations are spatially correlated as well. The simulation studies in Section 2 showed that the outlier detection performance is obviously affected by the dependence in time and space. Therefore, to correct the outlier detection performance, the constant factor of the empirical outlier rule is important. The factor F D 1:5 in a classical boxplot can be justified by a standard normal distribution, because it leads to a probability of 99.3% for correctly detecting no outliers. Following this idea, we proposed a simulation-based method to select this constant factor for a functional boxplot by controlling the probability of detecting no outliers to be 99.3% when actually no outliers are present. Then, how to estimate the covariance function, especially for spatio-temporal data, is also important, and robust techniques are needed when considering the potential presence of outliers in the original data. As applications, we used our method to adjust the functional boxplots for sea surface temperatures, spatio-temporal precipitation and GCM data. In fact, all the selected factors were greater than 1.5, which agrees with the simulation results in Section 2. The interpretation is that a positive correlation leads to a larger variability, therefore, the extreme observations may not be outliers but may be due to the positive correlation in time and space.
For spatio-temporal data, we have viewed the information as a temporal curve at each spatial location. Sun and Genton (2011) also proposed an alternative to treat such data as a spatial surface at each time. In this case, it would lead to a three-dimensional surface boxplot with similar characteristics as the functional boxplots. Similarly, for outlier detection, the fences are obtained by the 1.5 times the 50% central region rule. Any surfaces crossing the fences are flagged as outlier candidates. Therefore, for the surface functional boxplot in R 3 , the constant factor can be also adjusted by the simulation-based method described in this article and leads to an adjusted surface functional boxplot.
